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We discuss static, cylindrically symmetric vacuum solutions of hybrid metric-Palatini gravity (HMPG),
a recently proposed theory that has been shown to successfully pass the local observational tests and to
produce a certain progress in cosmology. We use HMPG in its well-known scalar-tensor representation. The
latter coincides with general relativity containing, as a source of gravity, a conformally coupled scalar field
φ and a self-interaction potential V (φ). The φ field can be canonical or phantom, and accordingly the
theory splits into canonical and phantom sectors. We seek solitonic (stringlike) vacuum solutions of HMPG,
that is, completely regular solutions with Minkowski metric far from the symmetry axis, with a possible
angular deficit. A transition of the theory to the Einstein conformal frame is used as a tool, and many of the
results apply to the general Bergmann-Wagoner-Nordtvedt class of scalar-tensor theories as well as f(R)
theories of gravity. One of these results is a one-to-one correspondence between stringlike solution in the
Einstein and Jordan frames if the conformal factor that connects them is everywhere regular. An algorithm
for construction of stringlike solutions in HMPG and scalar-tensor theories is suggested, and some examples
of such solutions are obtained and discussed.
1 Introduction
General relativity (GR) is well known to be quite
successful in describing local observational effects
in the Solar system in stellar astrophysics and,
quite probably, in black hole physics. However, it
faces serious problems at larger scales: on the galac-
tic scale, it does not give a satisfactory explanation
of the rotation curves without introducing the so-
called Dark Matter (DM) of still unknown nature,
and it cannot account for the observed accelerated
expansion of the Universe without introducing the
so-called Dark Energy (DE), an unknown kind of
matter with large negative pressure. According to
the latest observations, the energy content of the
Universe consists, in terms of GR, of only about
5 % of visible matter, about 20 % of DM and the
remaining 75 % of DE, see, e.g., [1, 2].
In addition to attempts to solve the DM and DE
problems in the framework of GR by introducing so
far unobservable forms of DM like WIMPs (weakly
interacting massive particles) and various forms of
DE like cosmological constant or “quintessence”
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scalar fields, etc., [3], there is an alternative broad
trend, addressing the same problems using vari-
ous extensions of GR, such as, for instance, f(R)
theories, theories with additional scalar, vector
and spinor fields, multidimensional theories and
those with extensions of the Riemannian geometry
(metric-affine theories, those with Finslerian geom-
etry, etc. [4, 5]).
One of such recently proposed extensions of GR
is the Hybrid Metric-Palatini Gravity (HMPG) [6].
In this theory, one assumes the independent exis-
tence of the Riemannian metric gµν and the con-
nection Γˆαµν . The total action of HMPG reads [6]
S =
1
2κ2
∫
d4x
√−g[R+ F (R)] + Sm, (1)
where R = R[g] is the Ricci scalar derived as usual
from gµν , while F (R) is an arbitrary function of
the scalar R = gµνRµν obtained with the Ricci
tensor Rµν calculated in the standard way from
the connection Γˆαµν ; furthermore, g = det(gµν), κ2
is the gravitational constant, and Sm is the action
of all nongravitational matter.
HMPG, which combines the metric and Palatini
approaches to the description of gravity and ex-
tends the formulation of f(R) theories, has a num-
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2ber of achievements described in the reviews [7–9].
In particular, it agrees with the classical tests in the
Solar system [10], fairly well solves the DM prob-
lem concerning the dynamics of galaxies and galaxy
clusters; it has been shown to be able to describe an
accelerating Universe without invoking a cosmolog-
ical constant [11]. Some papers have been devoted
to the possible existence and properties of vacuum
static, spherically symmetric black holes and worm-
holes in HMPD [12–14] as well as static cylindri-
cally symmetric configurations intended to repro-
duce the basic properties of cosmic strings [15].
Let us also mention a further generalization of
HMPG, containing an arbitrary function of the two
curvature scalars R and R , and developed in [16–
19].
The present paper is devoted to a study of
vacuum static cylindrically symmetric solutions of
HMPG. The metric is assumed in the general form
ds2 = e2γdt2 − e2αdx2 − e2µdz2 − e2βdϕ2 (2)
where α, β, γ, µ are functions of x ; z ∈ R and
ϕ ∈ [0, 2pi) are the longitudinal and azimuthal co-
ordinates, respectively, and the radial coordinate x
is arbitrary and admits reparametrization to any
smooth monotonic function of x . Our goal will
be to find regular stringlike configurations, that is,
HMPG solutions with the metric (2) having a regu-
lar axis and a proper behavior at large values of the
circular radius r ≡ eβ : the latter means that the
metric should be either asymptotically flat or flat
up to an angular deficit, which will then be propor-
tional to the effective cosmic string tension. Under
these conditions, such a globally regular solitonlike
field configuration can be observed from a distant
flat or very weakly curved region of space like a
cosmic string.
The same objective was formulated in [15],
where the authors used the coordinate condition
α = γ in our notations (that is, gtt = −gxx , see
Eq. (17) in [15], and note that there the radial co-
ordinate is denoted r instead of our x). In addi-
tion, based on the desired string interpretation, it
was postulated there that the metric should be in-
variant under boosts in the z direction [20], which
leads to the requirement gtt = −gzz . As a re-
sult, solutions were sought for in [15] under the
restrictive condition α = γ = µ = 0 in the present
notations, with only one unknown metric function
eβ(x) (equal to W (r) in [15], see Eq. (29) there). A
number of analytical and numerical solutions were
then obtained and discussed, but none of them pos-
sessed a regular axis and therefore none of them
were able to represent a regular extended cosmic
string model.
In this paper we undertake an extended study
of the same problem. First of all, we do not im-
pose any restriction on the metric (2) (except for
a convenient choice of the radial coordinate x) but
show that the requirement of a regular axis and a
regular (that is, flat or string) asymptotic behav-
ior inevitably implies gtt = −gzz , which leads to
boost invariance in the (t, z) subspace and makes
it unnecessary to separately require this invariance.
Furthermore, we here restrict ourselves to seeking
only stringlike solutions, formulate some necessary
conditions for their existence and present a few ex-
amples of such solutions. (We will use the terms
“stringlike” and “solitonic” as synonyms.)
As in [15], we will also employ the scalar-tensor
theory (STT) representation of HMPG, but, unlike
these authors, we essentially use the well-known
conformal mapping leading to the Einstein frame,
which formally coincides with GR with a minimally
coupled scalar field as the source of gravity. The
latter problem has been studied in [21], and a num-
ber of results and observations obtained there turn
out to be useful for studying the present problem.
More general data on the necessary mathematical
definitons concerning cylindrical space-times and
discussions of numerous cylindrically symmetric so-
lutions obtained in GR with different sources of
gravity can be found in the book [22] and the re-
view [23].
The paper is organized as follows. In Section 2
we briefly recall the main features of HMPG and its
STT representation [6, 7]. In Section 3 we formu-
late the problem to be solved, including the explicit
form of the field equations and the boundary condi-
tions of regularity at large and small radii. In Sec-
tion 4 we reproduce the results of [21] relevant to
our present problem and use them to obtain some
necessary conditions for the existence of stringlike
solitonic solutions in HMPG. Section 5 is devoted
to particular examples of such solutions, and Sec-
tion 6 contains a discussion and some concluding
remarks.
32 HMPG and its scalar-tensor
representation
As is known from [6, 7, 12], varying the action (1)
with respect to the connection Γˆαµν , we obtain that
this connection coincides with the familiar Levi-
Civita connection for the metric hµν = φgµν con-
formal to gµν , where the conformal factor is φ =
FR ≡ dF/dR . It clearly shows that the HMPG
actually involves, in addition to gµν , a single ad-
ditional dynamic degree of freedom expressible in
the scalar field φ . As is demonstrated in [6,7], the
whole theory can be reformulated as a specific ex-
ample of a scalar-tensor theory (STT) where the
gravitational part of the action is
Sg =
∫
d4x
√−g
[
(1+φ)R− 3
2φ
(∂φ)2−V (φ)
]
, (3)
where4 the potential V (φ) is expressed in terms of
f(R):
V (φ) = RFR − F (R). (4)
The theory (3) belongs to the Bergmann-
Wagoner-Nordtvedt class of STT [24–26], charac-
terized by the gravitational action
Sg =
∫
d4x
√−g
[
f(φ)R+h(φ)(∂φ)2−V (φ)
]
, (5)
where f(φ), h(φ) and V (φ) are arbitrary func-
tions. In the present case, V (φ) is given by (4),
and
f(φ) = 1 + φ, h(φ) = − 3
2φ
. (6)
The general action (5) is known to admit a con-
formal mapping [25] to the Einstein frame ME in
which the scalar field is minimally coupled to the
metric (the formulation (5) is said to correspond to
4Unlike the papers [6,7,12] etc., we use the metric signa-
ture (+−−−) , therefore, the plus before (∂φ)2 = gµνφµφν
refers to a canonical field, and a minus means that the field
is phantom. Also, in what follows we consider only vac-
uum HMPG solutions (Sm = 0) and safely omit the factor
1/(2κ2) near the gravitational part of the action. The Ricci
tensor is defined as Rµν = ∂νΓ
α
µα − . . . , thus, for example,
the Ricci scalar R is positive for de Sitter space-time. The
units are used in which the speed of light and the Newtonian
gravitational constant are equal to unity.
the Jordan conformal frame MJ ). The transforma-
tion is given by [25]
g¯µν = f(φ)gµν ,
dφ
dφ¯
= f(φ)|D(φ)|−1/2,
D(φ) = f(φ)h(φ) +
3
2
(
df
dφ
)2
, (7)
and leads to the action in ME
Sg =
∫
d4x
√−g¯
[
R¯+ ng¯µν φ¯,µφ¯,ν − V (φ)
f2(φ)
]
, (8)
where quantities obtained from or with the trans-
formed metric g¯µν are marked by overbars. The
factor n = signD(φ) distinguishes two kinds of
scalar fields: n = +1 corresponds to canonical
scalars with positive kinetic energy, while n = −1
describes phantom fields with negative kinetic en-
ergy.
In the theory (3) we obtain D = −3/(2φ), so
that n = − signφ , and, as a result,
φ = − tanh2 φ¯√
6
(n = +1, −1 < φ < 0), (9)
φ = tan2
φ¯√
6
(n = −1, φ > 0). (10)
Thus, according to the sign of φ , the whole the-
ory splits into two sectors, the canonical one and
the phantom one. We also notice that values of φ
smaller than −1 are apparently physically mean-
ingless because they lead to a negative effective
gravitational constant.
Substituting φ = −nχ2/6 in the action (3), we
convert it to
Sg =
∫
d4x
√−g
[
(1− nχ2/6)R
+ n(∂χ)2 −W (χ)
]
, (11)
where W (χ) = V (φ). This action corresponds to
GR where the only source of gravity is a confor-
mally coupled scalar field whose kinetic energy has
the usual sign if φ < 0 (n = 1) and the anoma-
lous sign if φ > 0 (n = −1). Conformally cou-
pled scalar fields have been studied by many au-
thors, beginning with Penrose [27] (who considered
a massless conformally invariant scalar field) and
Chernikov and Tagirov [28] (who introduced and
analyzed massive conformally coupled fields). The
phantom version of (11) was discussed in [29] as a
4possible alternative to GR in different cosmological
and astrophysical applications.
The transition (7) has been quite often used for
finding exact or approximate solutions to the STT
field equations because the equations due to (8) are
appreciably simpler than those due to the action
(5). Having found an Einstein-frame solution, it is
easy to obtain its Jordan-frame counterpart using
the transformation inverse to (7).
However, one should bear in mind an important
subtle point: if the function f(φ) in (5) is singular
(zero or infinity) at some value of φ , it may happen
that a singularity in ME with the metric g¯µν maps
to a regular surface in MJ with the metric gµν (or
vice versa), and then the manifold MJ is contin-
ued beyond such a surface. This phenomenon has
been termed conformal continuation [30, 31], and
it takes place in many scalar-vacuum and scalar-
electrovacuum solutions of STT and f(R) theories
of gravity [31, 32], including, in particular, spheri-
cally symmetric solutions of GR with a conformal
scalar field [33, 34] and those of the Brans-Dicke
theory [35, 36]. In the present paper we will meet
conformal continuations while dealing with cylin-
drically symmetric manifolds.
Using the STT representation, it is natural to
ask: if we know a solution with a certain potential
V (φ), what is then the original form of HMPG,
on other words, what is the corresponding function
F (R)? The answer follows from Eq. (4). In the
case V (φ) ≡ 0 we have simply F (R) = const · R .
In the general case V (φ) 6≡ 0, since φ = FR , the
relation (4) has the form of a Clairaut equation
with respect to F (R) (see, e.g., [37]); its solution
consists of a regular family containing only linear
functions,
F (R) = HR− V (H), H = const, (12)
and the so-called singular solution, which forms an
envelope of the regular family of solutions and can
be written in a parametric form:
F (R) = φR− V (φ),
R = dV/dφ. (13)
A more detailed discussion of this issue can be
found in [12].
3 Cylindrical symmetry: Equa-
tions and boundary conditions
3.1 Equations
The final results for HMPG must be formulated
in the Jordan frame MJ , for which we assume the
metric (2) in slightly different notations,
ds2J = e
2γ
Jdt2− e2αJdx2− e2µJdz2− e2βJdϕ2, (14)
where αJ , βJ , γJ , µJ are functions of x , as well as
the scalar field φ . However, we will seek solutions
to the field equations in the Einstein frame ME ,
corresponding to the action (8), in which, for con-
venience, we make the substitution φ¯→ ψ :
Sg =
∫
d4x
√−g¯
[
R¯+ 6n(∂¯ψ)2 − U(ψ)
]
,
ψ = φ¯/
√
6, (∂¯ψ)2 = g¯µνψ,µψ,ν ,
U(ψ) =
V (φ)
(1 + φ)2
. (15)
The corresponding field equations read
12n¯ψ + dU/dψ = 0, (16)
R¯νµ − 12δνµR¯ = −T νµ [ψ], (17)
where ¯ is the d’Alambertian operator defined for
the metric g¯µν , and
T νµ [ψ] = 6n
[
ψ,µψ
,ν− 12δνµ(∂¯ψ)2
]
+ 12δ
ν
µU(ψ). (18)
These field equations will be considered for the
scalar ψ = ψ(x) and the metric
ds2E = e
2γdt2 − e2αdx2 − e2µdz2 − e2βdϕ2. (19)
The Einstein- and Jordan-frame quantities are re-
lated by
φ = − tanh2 ψ, ds2J = cosh2 ψ ds2E
(n = 1, canonical sector), (20)
φ = tan2 ψ, ds2J = cos
2 ψ ds2E
(n = −1, phantom sector). (21)
It is convenient to use the alternative form of
the Einstein equations
R¯νµ = −6nψ,µψ,ν + 12δνµU(ψ); (22)
5the nonzero components of the Ricci tensor R¯νµ are
R¯00 = − e−2α[γ′′ + γ′(σ′ − α′)],
R¯11 = − e−2α[σ′′ + σ′2
− 2(β′γ′ + β′µ′ + γ′µ′)− α′σ′],
R¯22 = − e−2α[µ′′ + µ′(σ′ − α′)],
R¯33 = − e−2α[β′′ + β′(σ′ − α′)], (23)
where the prime denotes d/dx , and we have intro-
duced the notation
σ = β + γ + µ; (24)
it is also helpful to write the constraint equation
from (17), which is the first integral of the others
and contains only first-order derivatives of the met-
ric functions:
β′γ′ + β′µ′ + γ′µ′ = 3nψ′2 − 12U(ψ) e2α. (25)
3.2 Boundary conditions
Let us, for convenience, formulate the boundary
conditions in the Einstein frame, referring to their
more detailed description in [21]. Similar condi-
tions for MJ will only require putting the index
“J” near each of the letters α, β, γ, µ .
A regular axis means that there is some value
x = xax at which the circular radius r = e
β →
0 while the algebraic curvature invariants remain
finite. Let us note that the Kretschmann invariant
K = RµνρσRµνρσ for the metric (19) is a sum of
squared components of the nonzero Riemann tensor
components Rµνρσ :
K = 4
6∑
i=1
K2i ;
K1 = R
01
01 = − e−α−γ(γ′ eγ−α)′,
K2 = R
02
02 = − e−2αγ′µ′,
K3 = R
03
03 = − e−2αβ′γ′,
K4 = R
12
12 = − e−α−µ(µ′ eµ−α)′,
K5 = R
13
13 = − e−α−β(β′ eβ−α)′,
K6 = R
23
23 = − e−2αβ′µ′ (26)
Thus for K <∞ it is necessary and sufficient that
all |Ki| <∞ , which in turn guarantees finite values
of all algebraic invariants composed from the Rie-
mann tensor. It is important that all Ki in (26)
are independent of the choice of the coordinate x .
One can verify [21] that all Ki are finite on the
axis r = eβ → 0 if and only if γ(x) and µ(x) tend
to finite limits γax and µax , and
γ′ e−α = O(r), µ′ e−α = O(r), (27)
|β′| eβ−α = 1 +O(r2). (28)
the latter condition expressing a correct relation be-
tween an infinitesimal circumference and its radius,
in other words, the absence of a conical singularity
on the axis.5
A correct asymptotic behavior, guaranteeing
that our configuration will be visible for a distant
observer, requires a zero curvature limit, which in
turn implies finite values of γ(x) and µ(x) at some
x = x∞ where r = eβ → ∞ . Moreover, a flat-
space limit at spatial infinity would require a con-
dition similar to (28), but a cosmic string geometry
admits a more general condition,
|β′| eβ−α → 1− µs, µs = const < 1, (29)
where 2piµs is the angular deficit characterizing the
gravitational field of a cosmic string.. Thus the
space-time is locally flat but globally behaves as if
there were a conical singularity. Following [21], we
will call such a flat or stringlike asymptotic behav-
ior at large eβ “a regular asymptotic”.
As can be easily verified (for example, by using
the Gaussian normal radial coordinate specified by
the condition eα ≡ 1), under the above regularity
conditions on the axis and at infinity, the total en-
ergy of matter per unit length along the z axis is
finite. This quantity is determined by the integral
E =
∫
T 00 e
α+β+µdx dz dϕ (30)
(where integration in z covers a unit interval),
which converges at infinity because the Ricci ten-
sor components (23) decay there as r−3 or faster
(assuming that all quantities can be expanded in
power series in 1/r ), and the same is true for T νµ
due to the Einstein equations. Recalling the ex-
pression (18) for T νµ , we conclude that at a regular
asymptotic both quantities U and e−2αψ′2 decay
at infinity as r−3 or faster.
The angular deficit 2piµs is directly propor-
tional to the quantity (30) in the simplest string
5We denote by O(f) a quantity of either the same order of
magnitude as f or smaller in a certain limit, while quantities
of the same order are connected by the symbol ∼ .
6model with a flat metric everywhere except the
symmetry axis, where a conical singularity takes
place [20]. Such a relationship is not evident in the
general case.
We are seeking solitonic solutions which possess
both a regular axis and a regular asymptotic.
4 Stringlike solutions: Analysis
4.1 Solitons in the Einstein frame
In this subsection we briefly reproduce and discuss
some results of [21], relevant to our study, and add
some more observations.
Let us choose the harmonic x coordinate in the
metric (19), such that6
α = β + γ + µ (31)
(note that such a condition does not hold in the
corresponding Jordan-frame metrics).
Using the important property of any scalar
fields minimally coupled to gravity,
T 00 = T
2
2 = T
3
3 , (32)
and the expressions (23), it is easy to find that
Eqs. (22) combine to give
β′′ = γ′′ = µ′′ = 13α
′′ (33)
(where the last equality holds due to (31)), whence
it follows
µ = 13(α−Ax),
γ = 13(α−Bx),
β = 13(α+Ax+Bx), (34)
where A and B are integration constants; other
two constants are ruled out by properly choosing
the origin of the x coordinate and the scale along
the z axis.
The remaining equations for the unknowns
α(x) and ψ(x) read
2α′′ = −3U e2α, (35)
12nψ′′ = e2αdU/dψ, (36)
α′2 − 9nψ′2 = −32U e2α + 13(A2+AB+B2), (37)
6To our knowledge, this coordinate condition was used for
the first time for finding cylindrically symmetric solutions in
GR in [38].
where Eq. (37) follows from (25) and is a first inte-
gral of (35) and (36).
A value of x where β → −∞ , so that co-
ordinate circles shrink to a point, corresponds to
an axis, whereas spatial infinity corresponds to
β → ∞ . In the coordinates (31) the conditions
(27), (28) or those of a regular asymptotic can only
hold at x→ ±∞ . Since µ and γ must there tend
to finite limits simultaneously, from (34) it follows
that a regular axis (say, at x → −∞) or a regular
asymptotic (at x = +∞) can exist if the integra-
tion constants satisfy the requirement
A = B = N > 0. (38)
Thus a regular axis and a regular asymptotic re-
quire the same relation (38), which is favorable for
the existence of solitonic solutions.
Suppose there is a solitonic solution, regular at
x→ ±∞ . Then at both ends we have in the leading
order of magnitude in x
α(x) ≈ β(x) ≈ Nx. (39)
At infinity, x → ∞ , choosing the t- and z -
scales so that γ = µ→ 0 we can write
α(x) = β(x) + o(1) ≈ Nx, (40)
hence the constant N has a clear geometric mean-
ing: according to (29),
N = 1− µs, (41)
where 2piµs is the angular deficit at a string asymp-
totic.
On the regular axis x→ −∞ , since the t- and
z -scales have already been fixed by the conditions
at infinity, we can only assume γ = µ → γax =
const, hence, recalling the coordinate condition
(31), the regularity condition (28), eβ−αβ′ → 1,
leads to
e−2γaxN = 1 ⇒ e2γax = N = 1− µs. (42)
It means that the value of the “redshift function”
gtt = e
2γ on the axis is directly related to the an-
gular deficit at infinity.
There is one more point of importance to bear
in mind: in accord with (27) and to provide finite-
ness of T νµ on the axis, it is necessary to require
|α′′| e−2α <∞ as x→ −∞, (43)
7from which it directly follows |U | < ∞ by (35).
At large positive x no additional requirements are
needed, we already have there U → 0 due to (40).
As x→∞ , we must also have e−2αψ′2 → 0 as
a necessary condition of vanishing curvature. The
behavior of the scalar field ψ is closely related to
that of α since, excluding U from (37) and (35)
and using (38), we obtain
9nψ′2 = α′2 − α′′ −N2. (44)
In particular, on the axis x→ −∞ we can assume
α′ = N + O(r) = N + O( eN ), hence due to (44)
we have ψ′ = O( e−N |x|/2) leading to a finite value
of ψ(−∞). On the other hand, the requirement
of a sufficiently fast decay of e−2αψ′2 as x → ∞
(see the end of Section 3) leads to a finite value of
ψ(+∞). Thus the ψ field should vary in a finite
range over all x ∈ R .
Furthermore, integrating Eq. (35) over all x , as
long as α′(±∞) = N , we obtain∫ +∞
−∞
U(ψ(x)) e2αdx = 0, (45)
which means that U(ψ) 6= 0 has a variable sign in
any solitonic solution.
Another important observation is that due to
A = B we have µ ≡ γ , that is, g¯zz = g¯tt , hence
any solitonic solution in ME is boost-invariant in
the (z, t) subspace.
4.2 Solitons in the Jordan frame
Let us find out how the above observations are
modified if we seek a solitonic solution in the Jor-
dan frame MJ . For its description, we can use
the same functions ψ, α, β, γ, µ as in ME , obeying
the same equations, but the boundary conditions
should now be formulated for the metric (14).
We can write for any STT from the class (5)
ds2J = e
2η(x)ds2E , (46)
the function η(x) depending on the choice of a the-
ory. Therefore we have for the metrics (14) and
(19) αJ = α + η and similarly for other metric
coefficients. Consider the regular asymptotic re-
quirements in MJ , then at the corresponding value
x = x∞ we should have finite values of
γJ = γ + η and µJ = µ+ η
and an infinite value of βJ = β+η . Since Eqs. (34)
hold as before, the above requirements can be satis-
fied only if x∞ = ±∞ (let it be +∞ without loss of
generality), and µ−γ should be finite in this limit.
From (34) it then follows that A = B = N > 0
and µ ≡ γ . We thus come to a similar conclusion
to the one made for solitonic solutions in ME , now
that gtt = −gzz . Even more than that: the same
could be concluded if we required a regular axis
instead of a regular asymptotic (where, for consis-
tency, we will put x = xax = −∞). We can state
the following:
In any STT from the class (5), a static vac-
uum cylindrically symmetric solution with a regular
asymptotic and/or regular axis is necessarily boost-
invariant in the (z, t) subspace.
Thus it is unnecessary to postulate this stringy
property [20] since it directly follows from the
proper boundary conditions.
Next, we can compare two expressions for β :
one obtained from (34), with A = B = N > 0,
that is, β = 13(α+2Nx), and the other, following
from (31): β = α − γ − µ = α − γJ − µJ + 2η .
Since γJ = µJ tend to finite limits as x→∞ , this
comparison gives in the same limit:
α = Nx−3η+O(1), β = Nx−η+O(1). (47)
Let us now apply the boundary condition (29) in
MJ : as x→∞ ,
eβJ−αJβ′
J
∼ e2η(β′ + η′) ∼ e2ηN = O(1), (48)
whence it follows that η(x) tends to a finite limit
at large x . As a result, we have finite limits of
the Einstein-frame quantities γ and µ and also
α ∼ β ∼ Nx , in full similarity with the Ein-
stein frame. In (48) we have used the fact that
η′ = (dη/dψ)ψ′ vanishes as x → ∞ since ψ′ → 0
(see (44)) while dη/dψ must be finite due to the
the regularity requirement for η(ψ).
Quite a similar reasoning can be used for x →
−∞ (the axis), with the difference that now it is
required eβJ−αJβ′
J
→ 1.
So far, in this subsection, we did not make any
assumptions on the properties of a solution in ME
and even did not use the evident requirement that
η(ψ) should be regular in the whole range x ∈ R ,
considering each limit x→ ±∞ separately and us-
ing the transformation (7) as simply a substitution
in the field equations. Invoking the boundary con-
ditions, we have concluded that η(ψ) must not only
8be regular but also have finite limits on the axis and
at infinity.
We can now assert that the the limit x→ −∞
we have finite values of η = ηax , µ = γ = γax
as well as βJ − αJ = β − α ; in addition, η′ → 0,
therefore, in this limit,
eβJ−αJβ′
J
= eβ−αβ′ = 1, (49)
as required in (28). Thus a regular axis in MJ
implies a regular axis in ME .
At the asymptotic x → +∞ , the first equality
of (49) again holds, which means that a regular
asymptotic in MJ implies a regular axis in ME .
Even more than that, the angular defects in ME
and MJ coincide, µs = 1 − N . What is different,
is the relationship between N and the “redshift
function” e2γJ : since γJ = γ + η , we now have
e2γJ
∣∣∣
x→−∞
= N e2ηax . (50)
Thus we have the following general result:
If the conformal factor e2η is finite in the whole
range x ∈ R and in the limits x → ±∞, then
solitonic solutions exist simultaneously in MJ and
in ME and are characterized by the same deficit
angle.
A possible singular behavior of the conformal
factor violates this correspondence, as is evident
from the example (21): if we have a solitonic so-
lution in ME but cosψ = 0 at some x , on such a
surface we have a singularity in MJ . It is an evi-
dent case of a conformal continuation, in which the
transformation (7) maps the whole singular mani-
fold MJ to only a part of the regular manifold ME .
We also cannot exclude a contrary situation,
that there is a solitonic solution in MJ but this
manifold (or its part) maps to a singular manifold
ME , similarly to what is described, for example,
in [34], where MJ is a wormhole with a confor-
mal scalar but only its region maps to a singular
(Fisher) space-time ME .
The important constraint (45) on the scalar
field potential obtained in ME easily transforms
to MJ : indeed, according to (7), we find that
U(ψ) = e4ηV (φ) and e2α = e2αJ−2η and rewrite
Eq. (45) in terms of the quantities specified in MJ
as∫ +∞
−∞
V (φ) e2αJ+2ηdx = 0, (51)
where x is, as before, a harmonic coordinate in
ME .
The whole content of this subsection applies to
any STT from the class (5).
5 Examples
The first step in attempts to find solitons in MJ as
described in the previous section is to solve the set
of equations
2α′′ = −3U e2α, (52)
12nψ′′ = e2αdU/dψ, (53)
α′2 − 9nψ′2 = N2 − 32U e2α, (54)
with the unknowns α(x) and ψ(x), constants n =
±1 and N > 0, while the choice of the poten-
tial U(x) corresponds to the choice of a particular
HMPG theory. A combination of (52) and (54) free
from U is
9nψ′2 = α′2 − α′′ −N2. (55)
There are some examples of U(x) with which
Eqs. (52)–(54) can be solved analytically, but in
general, with given U(ψ), numerical methods are
necessary. An alternative way is to use inverse
problem methods [21], of which the simplest is to
specify the function α(x) or α′(x) and to find ψ(x)
and U(x) from the equations; the function U(ψ)
is then well defined if ψ(x) is monotonic. An ad-
vantage of this method is that from the previous
analysis we know much about the behavior of α(x)
suitable for a solitonic solution.
The following algorithm can be suggested for
finding a solitonic solution in MJ :
1. Specify α(x) regular in x ∈ R and such that
α′(±∞) = N > 0.
2. Verify the suitable behavior of α(x): that
(i) |α′′| e−2α<∞ as x→−∞ (see (43)) and
(ii) that the r.h.s. of Eq. (55) has a definite
sign at all x ∈ R (we obtain n= 1, the canon-
ical sector, if it is nonnegative, and n= − 1
otherwise).
3. Find ψ(x) from Eq. (55).
4. Verify that the range of ψ is within the va-
lidity range of the map (7).
95. Find U(x) from Eq. (52).
6. With the solution found, verify the validity of
Eq. (53).
Step 2(ii) is necessary as long as we adhere to
systems with either a canonical or a phantom scalar
field, excluding transitions from one sector to an-
other within a single solution (such solutions do ex-
ist and have been considered as possible sources for
wormholes with so-called “trapped ghosts” [40–42],
this name used because a phantom field exists there
is a bounded part of space).
For step 4, it is important that only derivatives
of ψ appear in Eqs. (52)–(55), therefore one can
add to ψ an arbitrary constant to adjust its range
to that of the map (7).
The last step is needed only for confidence since
(53) is a consequence of (52) and (54).
Example 1: Zero potential
This example is trivial, it does not promise any soli-
tonic configurations, and we present it here only for
completeness and clarity. The corresponding solu-
tion in ME is well known, it is a direct extension of
the famous century-old Levi-Civita solution [23,39].
In our coordinates and notations, the whole set of
equations in ME reduces to
ψ′′ = β′′ = γ′′ = µ′′ = 0,
β′γ′ + β′µ′ + γ′µ′ = 3nψ′2, (56)
and its solution can be written, without loss of gen-
erality, as
ds2E = e
2cxdt2− e2axdx2− e2mxdz2− e2bxdϕ2, (57)
ψ = ψ0 + Cx, bc+ bm+ cm = 3nC
2, (58)
where b, c,m, ψ0, ψ1 are integration constants, and
a = b+c+m . The requirement of flatness at large x
leads to c = m = 0, hence by (58) we have ψ1 = 0
(the scalar field is trivial) and a Minkowski metric
up to an angular deficit µs = 1− b . The metric is
globally flat if b = 1 and has a conical singularity
on the axis (x→ −∞) if b 6= 1.
Example 2: Exponential potential
Assuming the potential in the form
U(ψ) = U0 e
λψ, U0, λ = const, (59)
it is easy to solve Eqs. (52)–(54) analytically, but it
is impossible to obtain a stringlike solution because
of a constant sign of U , recall (45).
Indeed, with (59), combining Eqs. (52) and
(53), we get
λα′′ + 18nψ′′ = 0 ⇒ λα′ + 18nψ′ = C, (60)
where the integration constan C can be fixed from
the regular axis conditions: since, as we know,
α′ → N and ψ′ → 0 as x → −∞ , we have
C = λN .
Substituting (60) with C = λN to (54), we
obtain
α′2 − nλ
2
36
(N − α′)2 −N2 = 3
2
U0 e
λψ+2α. (61)
At a regular asymptotic x → ∞ we must have
α′ → N , so that the l.h.s of Eq. (61) turns to zero,
whereas the r.h.s. tends to infinity due to α ≈
Nx while ψ should tend to a finite constant. This
contradiction shows that assuming a regular axis,
it is impossible to obtain a regular asymptotic.
Therefore we will stop here, even though
Eq. (61) can be easily further integrated (see, e.g.,
[21] for a solution in slightly different notations).
Let us only note that our observations on the ex-
ponential potential include the special case of a
constant potential, λ = 0 in (59), equivalent to
a cosmological constant in ME .
Example 3: Solitons with nonzero potential
on the axis
The calculations turn out to be easier if we specify
α′ as a function of α instead of α(x). The following
example uses a suggestion from [21], where it was
discussed in the framework of GR: we suppose
α′2 = N2
(
1 +
H
cosh2(kα)
)
,
k = const > 0, H = const > −1. (62)
From (62), with (55), it is easy to obtain
d
dα
(α′2) = 2α′′ = −2HN
2k sinh(kα)
cosh3(kα)
, (63)
9nψ′2 =
HN2
cosh2(kα)
(
1 + k tanh(kα)
)
, (64)
where, as before, the prime denotes d/dx .
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From (64) it follows that to keep the same sign
of nψ′2 for all α (and x as well) we should require
k ≤ 1. On the other hand, on the axis x→ −∞ , we
have α ∼ Nx → −∞ , and by (64) α′′ ∼ e−2k|α| ,
therefore, to have a finite limit of α′′ e−2α according
to (43) it is necessary to require k ≥ 1. Thus we
arrive at the unambiguous value k = 1.
Putting k = 1, by direct calculation of x =∫
dα/α′ with (62), we obtain without loss of gen-
erality
sinh(Nx) =
sinhα√
1 +H
, (65)
thus, as required, α ∈ R , and its infinities coincide
with those of x . The potential U(x) is determined
by (52) and hence by (63).
We deal with the canonical sector if H > 0 and
with the phantom sector if H < 0. For calcula-
tions, it is more convenient to pass on in (64) from
ψ′ to ψα ≡ dψ/dα = ψ′/α′ :
9nψ2α = 9n
ψ′2
α′2
=
H(1 + tanhα)
H + cosh2 α
. (66)
In all cases we see that at large |α| the expression
for ψ′ vanishes exponentially, hence ψ has finite
limits ψ(±∞) = ψ± . Thus in the canonical sec-
tor, where the conformal factor e2η = cosh2 ψ is
specified for ψ ∈ R , we certainly obtain a family of
solitonic solutions in MJ , while in the phantom sec-
tor ( e2η = cos2 ψ ) we must select such parameter
values that the range of ψ is located within a single
half-wave of cosψ . Let us discuss them separately
and graphically illustrate the behavior of solitonic
solutions for selected values of the parameters.
The canonical sector, n = 1. Let us put for
certainty H = 1/2. Using (65) and (55), the func-
tion ψ(x) for given values of N is determined by
the integral
ψ(x) =
∫ x
0
√
α′(ξ)2 − α′′(ξ)−N2
9n
dξ. (67)
and is plotted in Fig. 1 for selected values of N .
Furthermore, using the expressions
U = −2
3
α′′ e−2α, r = exp
(
α+ 2Nx
3
)
(68)
and the relation (65), we plot the potential U as a
function of the circular radius r = eβ in Fig. 2.
Figure 1: Plots of ψ(x) for H = 1/2 (the canonical
sector) and N = 1, 0.9, 0.8.
Figure 2: The potential U(r) in the Einstein frame for
H = 1/2 and N = 1, 0.9, 0.8.
Figure 3: The potential V (rJ) in the Jordan frame for
H = 1/2 and N = 1, 0.9, 0.8.
To obtain a similar picture for the potential V
in MJ , we use relations between the potentials and
the circular radii r and rJ = e
β
J
in the two frames:
V = (1 + φ)2U = −2
3
cosh−4 ψ α′′ e−2α,
rJ = r coshψ = exp
(
α+ 2Nx
3
)
coshψ. (69)
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The results for the same parameter values as in
Figs. 1 and 2 can be seen in Fig. 3 and are qualita-
tively similar to those in Fig. 2.
The phantom sector, n = −1. In this case we
can put H = −1/2. Using the same methodology
as for the canonical sector, we plot ψ(x) obtained
from (67) and (65) in Fig. 4.
The range of ψ(x), coinciding with the differ-
ence between its asymptotic values,
∆ψ± = ψ(+∞)− ψ(−∞) ≈ 0.795 < pi, (70)
is located within a single half-wave of cosψ , as re-
quired.
The potential U(r) in the Einstein frame is ob-
tained in the same way as for the canonical sector
and is plotted in Fig. 5. To obtain the potential
V (rJ) in MJ , we use the following expressions:
V = (1 + φ)2U = − 2
3 cos4 ψ
α′′ e−2α,
rJ = r| cosψ| = exp
(
α+ 2Nx
3
)
| cosψ|. (71)
Figure 6 shows the corresponding parametric plots.
It is easy to notice that all potentials in the
stringlike solutions have a changing sign, in agree-
ment with (45) and (51). Also, in the canonical
sector, the potential close to the axis has an at-
tracting nature. In the phantom sector it looks re-
pulsive, but it is still attractive for a phantom field
which in general tends to climb a potential instead
of rolling down.
Figure 4: The scalar field ψ(x) for H = −1/2 (the
phantom sector) and N = 1, 0.9, 0.8.
Figure 5: The potential U(r) in the Einstein frame for
H = −1/2 (phantom sector) and N = 1, 0.9, 0.8.
Figure 6: The potential V (rJ) in the Jordan frame for
H = −1/2 (phantom sector) and N = 1, 0.9, 0.8.
6 Concluding remarks
We have considered the opportunity of obtaining
stringlike, or solitonic vacuum solutions with cylin-
drical symmetry in the framework of hybrid metric-
Palatini gravity (HMPG) without specifying the
dependence f(R), or, equivalently, the potential
V (φ) in the STT representation of this theory. In
addition to producing some particular examples of
such configurations, we have obtained some results
of more general significance:
1. Equations (45) and (51) implying that string-
like solutions cannot be obtained with purely
nonpositive or purely nonnegative potentials.
2. Vacuum static cylindrically symmetric solu-
tions with a regular asymptotic or a regu-
lar axis are necessarily boost-invariant in the
(z, t) subspace.
3. If the conformal factor e2η between MJ and
ME is regular in the whole range x ∈ R and
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finite in the limits x → ±∞ , then solitonic
solutions exist simultaneously in MJ and in
ME and are characterized by the same deficit
angle.
All these observations are not restricted to the
STT representation of HMPG but apply to an arbi-
trary STT from the class (5); moreover, they apply
to arbitrary f(R) theories of gravity since the latter
are known to coincide with the Brans-Dicke STT
with the coupling constant ω = 0 and a nonzero
scalar field potential whose form depends on the
function f(R) [4, 5].
We have discussed here only static cylindrically
symmetric configurations, but probably of even
greater interest can be stringlike models with ro-
tation, for which numerous solutions are known in
GR (see, e.g., [22, 23, 43]), and their extensions to
HMPG are quite possible.
In addition to stringlike solitons with a reg-
ular axis, possible objects of interest, which can
look from outside like cosmic strings, are cylindri-
cal wormholes which are also globally regular con-
figurations but which do not contain a symmetry
axis at all, similarly to spherically symmetric worm-
holes which do not contain a center of symmetry.
Instead of an axis, where the circular radius r turns
to zero, cylindrical wormholes have a minimum of r
and, around it, two regions with much larger values
of r [44, 45].
It is well known that the existence of wormholes
in GR in general requires some amount of “exotic”
matter violating the standard (Weak and Null) en-
ergy conditions, and its necessity can be avoided ei-
ther in alternative theories of gravity (see [46,47] for
reviews) or within general relativity in cylindrical
symmetry by invoking rotation and an appropriate
choice of matter sources [48–50]. In this respect
we can note that HMPG, being a purely geometric
source of scalar fields, both canonical and phan-
tom, can provide a natural framework for worm-
hole construction without other “exotic” sources.
Within spherical symmetry this has already been
confirmed [13, 14], and a similar consideration in
cylindrical symmetry can be one of the subjects of
our further studies.
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